Abstract. In this note we use a result of Kantor to prove a conjecture of Degos.
f (X) = a n X n + a n−1 X n−1 + · · · + a 1 X + a 0 where a 0 , . . . , a n ∈ F. Recall that the companion matrix of f is the n × n matrix The matrix C f has the property that its minimal polynomial and its characteristic polynomial are both equal to f . Recall in addition that if F has order q and f ∈ F[X] has degree n, then f is called primitive if it is the minimal polynomial of a primitive element x ∈ F. In [1] , J.-Y. Degos makes the following conjecture. Conjecture 1. Let F be a field of order p a prime, let g = X n − 1 and let f ∈ F[X] be a primitive polynomial of degree n. Then C f , C g = GL n (p).
We will prove a stronger version of this conjecture. Specifically, we prove the following. Theorem 1. Let F be a finite field of order q and let f, g ∈ F[X] be distinct polynomials of degree n such that f is primitive, and the constant term of g is non-zero. Then
For the rest of this paper F is a finite field of order q.
Field-extension subgroups
Let K = F(α) an algebraic extension of F of degree d. Let W = K a , and observe that W is both an a-dimensional vector space over K and an ad-dimensional space over F. We define a group ΓL F (W ) = {φ : W → W | φ is semilinear; the restriction φ| F a is linear}. Now, for B = {v 1 , . . . , v ad } an F-basis of W and φ ∈ ΓL F (W ), we define the following matrix
. It is a well-known fact that the map
is a well-defined injective group homomorphism, the image of which is a group E known as a field-extension subgroup of degree d in GL ad (q). Indeed, more is true: if we define
and consider Φ B to be a map ΓL F (W ) → E, then the pair (Φ, θ) is a permutation group isomorphism. (Here, and throughout this note, we consider groups acting on the left.) Note that the group ΓL F (W ) contains a unique normal subgroup N isomorphic to GL a (K). Then H = Φ B (N ) is a subgroup of GL ad (q) isomorphic to GL a (K) and, writing G = GL ad (q), one can check that N G (H) = E, the associated field-extension subgroup. (For a proof see, [3, Proposition 4.3.3] .)
Singer cycles
Recall that a Singer subgroup of the group GL n (q) is a cyclic subgroup of order q n − 1. In this section we prove the following lemma.
Proof. Let α be a primitive element of degree n over F; suppose that f is the minimal polynomial of α and let K = F(α), an extension of F of degree n. We construct a fieldextension subgroup G of degree n in GL n (q) as the image of the map Φ B : ΓL F (K) → GL n (q) where B = {α, α 2 , . . . , α n−1 }.
By construction H is isomorphic to ΓL F (K) and, in particular, contains a subgroup isomorphic to GL 1 (K) ∼ = K * . This subgroup is cyclic of order q n − 1 and is generated by the invertible linear transformation
Now our construction guarantees that Φ B (L α ) = C f and we conclude, as required, that C f generates a cyclic subgroup of GL n (q) of order q n − 1.
Two companion matrices
Lemma 3. Let H be a field-extension subgroup of degree a in GL ad (q). A non-trivial element of H fixes at most (q a ) d−1 elements of V = (F) ad .
Proof. We observed in §1 that the action of H on V is isomorphic to the action of ΓL F (W ) on W = K a where K is a degree d extension of F. Thus we set φ to be a non-trivial element of ΓL F (W ).
If φ lies in GL a (K) and is non-trivial, then basic linear algebra implies that the fixed-point set is a proper K-subspace of W and so fixes at most (q a ) d−1 elements of W .
Suppose that φ does not lie in GL a (K). Recall that the group ΓL F (W ) can be written as a product GL a (K).F where F is a cyclic group of degree d generated by the entry-by-entry Frobenius automorphism that fixes F. Thus we can write φ = hσ where h is linear and σ is a non-trivial field automorphism that fixes F.
Thus if v ∈ K a and v φ = v we obtain immediately that v h = v σ −1 . Now if c is a scalar that is not fixed by σ, then we obtain immediately that (cv) h = (cv) σ −1 . Since v and c were arbitary we conclude immediately that g fixes at most (q b ) d where b is some proper-divisor of a. The result follows.
Corollary 4. If C f and C g are companion matrices of distinct monic polynomials f, g ∈ F[x] of degree n, then C f , C g does not lie in a field-extension subgroup of GL n (q).
Proof. We consider the action of GL n (q) on V = F n . Observe that the images of the first n − 1 elementary basis vectors are the same for both C f and C g . In particular, then, the matrix C −1 f C g fixes the F-span of these n − 1 vectors and so fixes at least q n−1 vectors. The previous lemma implies that, since C f = C g , we can conclude that C f , C g is not a subgroup of a field-extension subgroup of GL n (q).
Proving Theorem 1
To complete the proof of Theorem 1 we will need the following result of Kantor [2] .
Theorem 5. Let L be a proper subgroup of G = GL n (q) that contains a Singer cycle. Then L contains a normal subgroup H isomorphic to GL a (q d ) with n = ad and d > 1. What is more H is equal to Φ B (GL a (K)) for K some field extension of F of degree d, and B some F-basis of K a .
We remarked in §1 that N G (H) is a field-extension subgroup. Now observe that if f and g are as in Theorem 1, then they both have non-zero constant term and hence are invertible and so lie in GL n (q). Now Lemma 2, Corollary 4 and Theorem 5 imply that C f , C g does not lie in a proper subgroup of GL n (q). In other words C f , C g = GL n (q), as required.
